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Abstract
Crystallite size is the most significant property of solid crystalline materials. Concerning the point of practical features or 
applicability any accurate estimation of crystallite size is extremely beneficial. Hence, this research presents two new simula-
tions (Model 1 and Model 2) for precise calculations of crystallite size. Using hydroxyapatite (Hap) and eggshell (ES) as syn-
thetic and natural crystalline materials, respectively, the applicability of these proposed models was studied. The calculated 
values of crystallite size of Hap and ES were found to be 35–101 nm and 72 nm, respectively, (in case of developed Model 
1) while for Model 2 the values were in the range of 46–81 nm and 72 nm accordingly, which were assumed to be within 
the acceptable limit. The crystallite size calculated from the two new models increased with the increment of temperature. 
Furthermore, the defects of straight line model in Scherrer method (SLMSM) and Monshi–Scherrer equation were discussed.
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Introduction

The term ‘crystallite size’ which differs from ‘particle size’ 
is extremely significant for crystalline materials. X-ray dif-
fraction (XRD) technique is recognized as a suitable and 
powerful tool to study the crystallite size (Rabiei et al. 2020; 
Sánchez-Bajo et al. 2009). Researchers typically use classi-
cal Scherrer equation (Eq. 1) (Scherrer, 1918) to measure the 
crystallite size which was first introduced in 1918. Neverthe-
less, hitherto numerous modified equations and models, e.g., 
straight line model in Scherrer method (SLMSM), model of 
straight line passing the origin (MSLPO) in Scherrer Equa-
tion, Monshi–Scherrer model, Williamson–Hall (W–H) 

model, etc., have been developed and used in many studies 
(Akl et al. 2021; Monshi et al. 2012; Monshi and Messer 
1991; Rabiei et al. 2020).

where, FWHM (Full width at half maxima) expressed 
in radian, KB is the broadening constant equal to 0.9, 
λ = 1.54060 Å (for Cu source) and θ = diffraction angle 
expressed in degree. Scherrer equation though being used 
extensively by the researchers, but L. Alexander and H. P. 
Klug (Alexander and Klug, 1950) in 1950 noticed a partial 
limitation in this equation which is connected to the uncer-
tainty in FWHM in the experimentally presumed pure dif-
fraction broadening. However, as this approach (Eq. 1) is 
associated with the chosen diffraction peak, many publica-
tions considered the sharpest peak to calculate crystallite 
size (Monshi and Messer, 1991). Rearrangement of classi-
cal Scherrer equation gives linear format which is known 
as straight line model in Scherrer method, or SLMSM for 
short, Eq. 2, which has also been considered to calculate the 
crystallite size (Rabiei et al. 2020).
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The significant feature of SLMSM is that instead of 
choosing a specific diffraction peak it considers all peaks 
to deduce the crystallite size. However, in a recent study, 
Rabiei et al. (Rabiei et al. 2020) pointed out that in case 
of natural nano-crystalline material, Eq. 2 is unacceptable. 
Conversely, in another approach, Monshi et al. (Monshi et al. 
2012) considered ln(log10) version of Scherrer equation and 
developed Monshi–Scherrer equation to compute crystallite 
size via Eq. 3. Authors have also referred to this model to 
get more accurate values for crystallite size as it retains the 
characteristic to minimize the errors via employing the least 
squares method and decreasing the absolute values of errors 
(Monshi et al. 2012).

In this era of nanotechnology, nano-crystalline materials 
have received considerable interest due to its wide range of 
applications covering both structural and functional aspects. 
Since a precise and good understanding of the crystallite size 
helps to navigate the crystallographic properties of nano-
crystalline materials, development of new models or modi-
fication of the old ones to measure the crystallite size more 
precisely is a demanding topic of research. Hence, here we 
attempted to analyze SLMSM and Monshi–Scherrer equa-
tion recognizing their limitations and accordingly developed 
two new models. Being a promising biomaterial, Hap is very 
much familiar for its versatile applications in biomedical 
fields (El-Bassyouni et al. 2020; Haider et al. 2017; Jahan 
et al. 2017; Sultana et al. 2021; Suresh et al. 2020). Hence, 
using Hap and ES as examples of synthetic and natural crys-
talline materials, respectively, here we discussed the appli-
cability of these proposed simulations.

Materials and methods

Hap was synthesized from eggshell following a simple solid 
state sintering method (Wu et al. 2016), but prior to sinter-
ing, the starting materials were subjected to sieve analysis. 
The size of the sieves ranged from 80 to 200 mesh which 
facilitated the source materials to be separated chronologi-
cally to finer size. The calcination operation was accom-
plished for each set of sieved particles by choosing three 
different temperatures of 700 °C, 800 °C, and 900 °C. Thus, 
we got 18 Hap samples (as summarized in Table 1) to fit 
with SLMSM and Monshi–Scherrer equation as well as 
with our developed models. To perform the crystallographic 
analysis of synthesized product, ‘PANalytical X'pert PRO 
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XRD PW 3040’ machine was utilized where cupper source 
[CuKa (λ = 1.54060)] emitted X-ray maintaining 40 kV and 
30 mA as well as 19–20 °C cooling temperature. The scan-
ning range (2θ) was 5–75° with 0.01 steps to collect data. 
The standard JCPDS file (card no. 09-0432) was taken for 
the comparison of synthesized data.

Results and discussion

Given in Fig. 1 represents a typical XRD pattern (as similar 
XRD pattern was visualized for all the Hap samples). Hap 
formation was confirmed by comparing the observed data 

Table 1   Identification of synthesized Hap

Mesh size Documentation of Hap samples

700 °C 800 °C 900 °C

80 mesh Hap-1 Hap-7 Hap-13
100 mesh Hap-2 Hap-8 Hap-14
120 mesh Hap-3 Hap-9 Hap-15
140 mesh Hap-4 Hap-10 Hap-16
200 mesh Hap-5 Hap-11 Hap-17
Remaining Hap-6 Hap-12 Hap-18

Fig. 1   XRD pattern of Hap synthesized by solid state method
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with standard JCPDS values (card No.09-0432) (Sultana 
et al. 2021; Suresh et al. 2020; Wang et al. 2019). Clearly, 
well-defined strong diffraction peaks at 2θ position 31.77° 
followed by two other peaks at 32.21° and 32.90° symbolic 
for (211), (112), and (300) planes, respectively, certify the 
formation of well crystalline Hap with hexagonal phase 
structure.

However, to deduce the crystallite size of the synthesized 
Hap samples we applied SLMSM (Rabiei et al. 2020) and 
Monshi–Scherrer (Monshi et al. 2012) equation. Using Eq. 2 
and the observed XRD data, crystallite size of each Hap 
samples is calculated and summarized in Table 2, and the 
corresponding graphs are plotted in supplementary Figure 
A. It is evident from the gathered data that Hap-6 possesses 
lowest crystallite size (462 nm), while the highest crystallite 
size (2773 nm) goes to Hap-15. These values are fairly high 
as compared to the nano-scale measurement. Since crystal-
lite size is expected to be < 100 nm, such high ranged value 
of crystallite size has made this method questionable. The 
main problem of this method is if we compare Eq. 2 with 
the straight line equation, y = mx + c, then, missing of the 
y-axis intersecting point in Eq. 2 is clearly noticeable. This 
observation supplements that the graph should be passing 
through the origin. But when cos� is plotted in y-axis and 

1

FWHM
 in x-axis, all the graphs provide intersecting points 

(respective equations are given in Table 2). Missing of the 
intercept in Eq. 2 created the problem for the applicability of 
this model. Thus, the calculated crystallite sizes were found 
to be more than 100 nm.

Further analysis was confined with the application of 
Monshi–Scherrer equation (Eq. 3). In this case, to measure 
the crystallite size, the plot was constructed with the aid of 
Eq. 3, where ln(FWHM) and ln 1

Cos�
 represent y and x-axes, 

respectively. The tabulated intercept in this equation equiva-
lent to ln

(

K
B
�

D
c

)

 and the crystallite size (Dc) is given in 
Table 2, and respective plots are presented in supplementary 
Figure B. The measured values of the crystallite sizes 
were < 100 nm, which indicates the applicability of Mon-
shi–Scherrer equation for the deduction of crystallite size. 
However, again the problem arose but this time with the 
slope. Clearly, in Eq. 3 the value of the slope corresponds to 
unity (i.e., m = 1), but from Table 2 it was noticed that none 
of the slope equals to 1 and this is a defect of Monshi–Scher-
rer equation.

The defects of SLMSM (Rabiei et al. 2020) and Mon-
shi–Scherrer (Monshi et al. 2012) equation tempted us to go 
for the development of new models for precise calculation of 
crystallite size. Accordingly, here two new models have been 
proposed. Model 1 relates with Scherrer equation taking into 
account the individual average values of θ, FWHM and λ. As 
an alternative of using the chosen diffraction peak, the aver-
age of three chronologically intense peaks (intensity about 
50% or more) was considered to calculate θ and FWHM. 
According to JCPDS data of Hap, the peaks representative 
of (211) plane are 100% intense, while for (112) and (300) 
planes the peaks are 47% and 65% intense, respectively 
(Markovic et al. 2004). Thus, in the modified version these 

Table 2   Crystallite sizes 
calculated via SLMSM and 
Monshi–Scherrer equation

Sample ID SLMSM Monshi–Scherrer

y =  Dc (nm) y =  Dc (nm)

Hap-1 0.0002x + 0.888 693.27 4.7122x − 5.8162 46.54
Hap-2 0.0002x + 0.8924 693.27 4.0781x − 5.8301 47.19
Hap-3 0.0001x + 0.8932 1386.54 7.8876x − 6.071 60.05
Hap-4 0.0001x + 0.9024 1386.54 5.0857x − 5.8845 49.83
Hap-5 0.0001x + 0.8978 1386.54 8.6535x − 6.1716 66.40
Hap-6 0.0003x + 0.8675 462.18 7.9379x − 5.9769 54.65
Hap-7 0.0001x + 0.8913 1386.54 4.2235x − 5.9341 52.36
Hap-8 0.0001x + 0.8946 1386.54 4.3769x − 5.8637 48.80
Hap-9 0.0001x + 0.8923 1386.54 3.2343x − 5.909 51.07
Hap-10 0.0002x + 0.867 693.27 8.2205x − 6.2656 72.95
Hap-11 0.0002x + 0.8567 693.27 7.3271x − 6.2727 73.47
Hap-12 0.0002x + 0.8757 693.27 6.8687x − 6.1528 65.17
Hap-13 0.0001x + 0.8808 1386.54 5.9532x − 6.2723 73.44
Hap-14 0.0001x + 0.8925 1386.54 4.9075x − 6.027 57.46
Hap-15 0.00005x + 0.903 2773.08 3.2843x − 6.137 64.15
Hap-16 0.00006x + 0.904 2310.9 2.9332x − 6.0973 61.65
Hap-17 0.0001x + 0.8872 1386.54 6.351x − 6.168 66.16
Hap-18 0.0001x + 0.9043 1386.54 5.1306x − 6.1186 62.98
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three planes were taken into account to get average values of 
θ and FWHM which are given in Eqs. 4 and 5, respectively:

Since Cu is used as the source of X-ray and exerts K-alpha 
1, K-alpha 2 and K-beta, wavelengths of 0.15406, 0.15444 
and 0.13922 nm, respectively, hence all these values need 
to be considered to compute the average of λ. However, in 
most cases, modern XRD instrumentation uses filters to 
reduce the effect of K-beta radiation; so in this case, we 
have taken into account only K-alpha 1, K-alpha 2 to work 
out the λAverage according to Eq. 6.

Using all these average values into Eq. 1, we calculate the 
crystallite size of the Hap samples and presented in Table 3. 
It is clear from Table 3 that all values of crystallite size 
obtained via the developed Model 1 are fairly reasonable. 
Such observation validates our hypothesis for development 
of Model 1.

However, as a whole it was clearly evident that the 
applied temperature has a role in controlling the crystallite 
size. With the increment of temperature, the average crystal-
lite size of Hap was increased for the developed Model 1 in 
a linear fashion such as for 700 °C, 800 °C, and 900 °C 
where the average crystallite size was 42, 64, and 78 nm, 
respectively. Next, to minimize the problem created by the 
intercept in SLMSM, linear intercept approach was proposed 
as the second Model 1. Following Eq. 7, and by plotting 
Cosθ in y-axis and 1/FWHM in x-axis, the desired graphs 
are then obtained and few specimen plots (considering all 
mesh size of interest but firing temperature of 700 °C) are 
shown in Fig.  2a–f. After plotting a straight line, the 

(4)�Average =
�211 + �112 + �300

3

(5)FWHMAverage =
FWHM211 + FWHM112 + FWHM300

3

(6)�Average =
�K−alpha 1 + �K−alpha 2

2

intercept was set to zero using Microsoft Excel software. 
Hence, the slope of the equation is equal to KB

�

D
c

 of Eq. 2. 
Using the value of the slope, the crystallite size is calculated 
and charted in Table 4. Clearly, Fig. 2a–f and Table 4 pro-
vide the crystallite size values below 100 nm. Scherrer equa-
tion (Eq. 2) can be written as:

Equation (7) represents the formula of straight line with-
out intersecting y-axis. So, model 2 has been proposed 
where no y-axis intersecting is present. Figure C in sup-
porting materials (since this method is applied for too many 
samples which generated a number of graphs, so few of them 
are shown here and rest of the figures are included in sup-
porting material) illustrates the graphs as well as the equa-
tion corresponding to the respective samples.

The developed model 2 also revealed a relation with the 
temperature, and crystallite size such as 51, 57, and 72 nm 
crystallite size was calculated for 700  °C, 800  °C, and 
900 °C temperature, respectively. The crystallite size calcu-
lated from the two new models increased with the increment 
of temperature, and this trend coincides with the literature 
(Jung et al. 2002; Okada et al. 2002; Zuo et al. 1998).

Further validation of this model was examined by calcu-
lating the crystallite size of a natural crystalline material, 
eggshell. Both oven dried and calcined (at 900 °C) formats 
as shown in the following equation were considered:

Typical XRD pattern (data available as ESI) of eggshell 
(both CaCO3 and CaO forms) was used to simulate the crys-
tallite size of naturally obtained CaCO3 and CaO. Distinctive 
XRD planes (Hossain et al. 2021) of (104), (202), (108) for 
CaCO3 and (200), (111), (220) for CaO were considered to 
correct the respective θAverage and FWHMAverage (as Eqs. 4 
and 5). Applying SLMSM, Monshi–Scherrer equation as 
well as developed models 1 and 2, crystallite sizes of CaCO3 
and CaO are calculated and tabulated in Table 5, while the 
respective plots for Model 2 are given in Fig. 3a–b.

Obviously, it is visualized from the findings of Table 5 
that the crystallite size values as obtained through SLMSM 
are unusually high which again ensured that in case of natu-
ral crystalline material SLMSM is improper. However, in 
case of Monshi–Scherrer equation, though the value for 
CaCO3 was within acceptable limit, but for CaO crystallite 
size was relatively higher. Conversely, the newly developed 
models provided more reasonable crystal size values for both 
cases and corresponding graphs are appended in supplemen-
tary Figure D. Such observation supports the acceptance of 

(7)cos � =
K
B
�

Dcrystal size

×
1

FWHM

(8)
Oven dried eggshell (Calcite∕CaCO3)

Calcination
⟶ CaO + CO2

Table 3   Crystallite sizes deduced using developed Model 1

Sample ID Dc (nm) Sample ID Dc (nm)

Hap-1 43 Hap-10 55
Hap-2 46 Hap-11 53
Hap-3 43 Hap-12 64
Hap-4 46 Hap-13 71
Hap-5 35 Hap-14 77
Hap-6 40 Hap-15 81
Hap-7 81 Hap-16 101
Hap-8 64 Hap-17 64
Hap-9 67 Hap-18 76
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the developed models which considered and minimized the 
insight problems of the existing models.

The crystallite size of the materials is dependent not only 
on the properties of materials but also on the instrumental 
broadening. The error arisen from the instrumental broaden-
ing can be decreased with the aid of the following equation: 
(Rabiei et al. 2020).

Here, �2
actual

 = actual broadening of the sample due to 
the crystallite size, �2

measured
 = measured broadening, and 

�
2
instrument

= broadening due to the instrument. Standard sili-
con reference was used to measure the instrumental broaden-
ing in terms of full width at half maxima (FWHM). In Eq. 9, 
only physical and instrumental broadening was considered, 
but the lattice strain can also contribute to the broadening 
of crystallites when size is less than 10–6 cm (Stokes and 
Wilson, 1944).

According to Scherrer equation, for powder samples, 
strain and texture can be neglected (Vorokh, 2018). Thus, 

(9)�
2
actual

= �
2
measured

− �
2
instrument

Fig. 2   a–f Calculation of crys-
tallite size for synthesized Haps 
(Hap 1–6) using developed 
Model 2
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Table 4   Crystallite size deduced using developed model 2

Sample ID Dc (nm) Sample ID Dc (nm)

Hap-7 57.77 Hap-13 69.33
Hap-8 53.33 Hap-14 66.03
Hap-9 57.77 Hap-15 81.56
Hap-10 57.77 Hap-16 72.98
Hap-11 60.28 Hap-17 69.33
Hap-12 57.77 Hap-18 77.03

Table 5   Crystallite sizes of natural CaCO3 and CaO as calculated 
using SLMSM, Monshi–Scherrer equation and the developed models

Sample Calculated crystallite size, nm

SLMSM Monshi–Scherrer Developed 
model 1

Devel-
oped 
model 2

CaCO3 693.37 96.83 71.68 72
CaO 1386.54 125.14 92.99 115
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strain of the powder sample was neglected and the instru-
mental broadening was taken into consideration. When 
instrumental broadening was subtracted from the meas-
ured value as illustrated in Eq. 9, the calculated crystallite 
size of the prepared Hap from newly developed model 2 
varied from 72 to 106 nm.

Both models are applicable to compute crystallite size 
when the crystallite sizes are less than 150 nm based on 
the variation and counting on instrumental broadening. 
The peak broadening due to strain must be negligible. 
When the numbers of peak are small, it is suggested to 
consider model 1, on the contrary, when many peaks are 
appeared in XRD, model 2 will be more applicable. In 
addition, when XRD data generate less than 3 peaks, 
model 2 will not produce good results and thus, it is sug-
gested not to be used.

Conclusion

In conclusion, concerning the precise measurement of crys-
tallite size two new models have been developed. The appli-
cability of these models was evaluated using hydroxyapatite 
and eggshell as synthetic and natural crystalline materials, 
respectively, which revealed promising results. Since one of 
the most vital properties of crystalline materials is crystallite 
size, any precise calculation of crystal size is advantageous 
from the point of structural and functional aspects. Accord-
ingly, we discussed the shortcomings of SLMSM and Mon-
shi–Scherrer equation and developed two new approaches 
to calculate crystallite size more precisely and accurately. 
The values of crystallite size we measured via the newly 
developed models are encouraging.

Supplementary Information  The online version contains supplemen-
tary material available at https://​doi.​org/​10.​1007/​s11696-​022-​02377-9.
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